1 Newton’s Second L aw

The form of Newton’s secondlaw for threeseparatecaseswill be generatedising quaternionoperatorsacting on
positionquaternionsln classicamechanicstime andspaceredecoupledOnewaythatcanbeachiezedalgebraically
is by having a time operatorcat only on spaceor by spaceoperatoronly acton a scalarfunction. | call this the "2
zero”rule: if therearetwo zerosin thegeneratoof alaw in physicsthelaw is classical.

Newton’s 2nd Law for an Inertial Reference Framein Cartesian Coordinates

Definea positionquaterniorasa functionof time.
R = (t, 'ﬁ)
Operateon this oncewith the differentialoperatorto getthe velocity quaternion.
d = N N
V= (J’ 0) (t, R) - (1, R)
Operateonthevelocity to gettheclassicalnertial acceleratiomuaternion.
d - - Y
A= (J’ o) (1, R) - (o, R)
Thisis thestandardorm for acceleratiofin Newton'ssecondaw in aninertial referencdrame.Becausehereference
frameis inertial, thefirst termis zero.

Newton’s 2nd Law in Polar Coordinatesfor a Central Forcein a Plane

Repeathis processhut this time startwith polarcoordinates.
R=(t,r Cos[e], r Sin[e], 0)

Thevelocityin aplane.

Vo (%,6) (t,r Cos[el, r Sinfel, 0) =
= (1, t Cos[e]-r Sin[els, t Sin[e] +r Cos[e]d, 0)

Accelerationin aplane.

A= (%, 6) (1, t Cos[e] -r Sin[e]s, t Sin[e] +r Cos[e]d, 0) =
= (0. -2r sinte16-r1 Cose1(s)” + T Costel -r Sintel’s,
2t Cos[elé-r Sin[e](8)*+T Sin[e] +r Cos[e]®, 0)

Not a pretty sight. For a centralforce,® = L/mr2, and @ = 0. Make thesesubstitutionandrotatethe quaterniorto
getrid of thethetadependence.

2
A= (Cos[e], 0, 0, -Sin[e]) (% O) (t, r Cos[e], r Sin[e], 0) =

0 L2 <~ 2Lt
=0, 55 +T, —&,
l ner 3 mr 2

Thesecondermis the accelerationn the radial direction,the third is accelerationn the thetadirectionfor a central
forcein polarcoordinates.

d



Newton’s 2nd Law in a Noninertial, Rotating Frame

Considerthe"noninertial” case with theframerotatingat an angularspeedomega. The differentialtime operatoris
putinto thefirst term of the quaternionandthe threedirectionsfor the angularspeedareputin the next terms. This
guaternionis thenmultiplied by the positionquaterniorto getthe velocity in a rotatingreferencdrame. Unlike the
previous exampleswheret did notinterferewith the calculationsthis time it mustbe setexplicitly to zero(I wonder
whatthatmeans?).

V- (40 8) (0. R) = (- 3R R+ 5xR)
Operateonthevelocity quaterniorwith the sameoperator

A= (%,Z})(-B.ﬁ,ﬁ»rwa):

Thefirst threetermsof the 3-vectorarethetranslationalcoriolis,andazimuthalalterationgespectiely. Thelastterm
of the 3-vectormaynotlook lik e the centrifugalforce, but usinga vectoridentity it canbe rewritten:

bR = -ox(axR) + (3)°R
If theangularvelocity antheradiusareorthogonalthen

ox (@xR) = (3)°Rifr . R=0
The scalartermis not zero. Whatthis impliesis not yet clear, but it may be relatedto the factthatthe frameis not
inertial.

Implications

Threeformsof Newton’s secondaw weregeneratedby choosingappropriateoperatorguaternionsctingon position
guaternionsThedifferentialtime operatowasdecoupledrom ary differentialspaceoperatorsThis maybe viewed
asanoperationalefinition of "classical”physics.



2 Ogscillatorsand Waves

A professorof mine oncesaidthateverythingin physicsis a simpleharmonicoscillator Thereforeit is necessaryo
getahandleon everything.

The Simple Harmonic Oscillator (SHO)

Thedifferentialequationfor a simpleharmonicoscillatorin onedimensioncanbe expresswith quaternioroperators.

d =\2 K [ d2x kx )
(E’ o) 0, x, 0, 0) + (o, X, 0, o) =Lo, Gzt m O 0J=o

This equationcanbesolveddirectly.

.\/_

x->C[2] Cos[ ] Cr1] Si n[

=]

Find thevelocity by takingthe derivative with respecto time.

«/FC[l]cOs[ ]«/‘C[2]S|n[ ]
A/m A/m

X=->

The Damped Simple Har monic Oscillator

Generatahe differentialequationfor adampedsimpleharmonicoscillatorasdoneabove.

(d o) ©, x, 0, 0)+(i

N K
at at o) (0, bx, 0, 0) + (o, X0, o) -

( 2
0dx bdx kx

)
=l,dt—2+ ot O 0J=o
Solve the equation.
( ) ( )
omVakmbZZ | t b meV 4k b2 FJ t
Xx->C[1]e Zm +C[2]e Zm

The Wave Equation

Considerawave traveling alongthe x direction. The equatiorwhich governsits motionis givenby

d d 2
(m, &, 0, O) (O, O,f[tV + X1, O) =

( ([ d2 d2 ) 2d2F [t v+x])
=l0’0’l'dx a2 Jf[“’ XL g ax v J

The third termis the one dimensionalwave equation. The forth termis the instantaneoupower transmittedby the
wave.



I mplications

Usingthe appropriatecombinationsof quaternioroperatorsthe classicalsimpleharmonicoscillatorandwave equa-
tion werewritten outandsolved. Thefunctionaldefinition of classicaphysicsemployedhereis thatthetime operator
is decoupledrom ary spaceoperator Thereis noreasorwhy asimilar combinatiorof operatorsannoteusedwhen
time and spaceoperatorsare not decoupled.In fact, the four Maxwell equationsappearto be onenonhomogeneous
guaterniorwave equationandthe structureof the simpleharmonicoscillatorappearsn the Klein-Gordonequation.



3 Four Testsfor a Conservative Force

Therearefour well-known, equivalentteststo determindf aforceis consenrative: thecurlis zero,apotentialfunction
whosegradients theforceexists,all closedpathintegralsarezero,andthe pathintegral betweerary two pointsis the
sameno matterwhatthe pathchosenln this notebook guaternioroperatorperformthesetestson quaternion-alued
forces.

1. TheCurl IsZero

To make thediscussiorconcretedefinea force quaternior
F=(0, -kx, -ky, 0)
Thecurl is thecommutatorof the differentialoperatorandtheforce. If thisis zero,theforceis conserative.
d =\ =~
odd((g, v), F) =0
Let thedifferentialoperatorquaternioracton theforce,andtestif the vectorcomponentgqualzero.

d
(a, V)F = (2k, 0, 0, 0)

2. There Exists a Potential Function for the Force

Operateon force quaternionusingintegration. Take the negative of the gradientof the first component.If the field
guaternionis thesametheforceis conserative.

F =J.F(dt,dx, dy, dz) =
= J(kxdx +kydy, -kxdt + kydz, -kydt - kxdz, 0) =

_ l(kx2 ky2

\
_\ >t 5 -kt x+kyz, -kty-kxz, 0}| =

d =\ (kx? ky? =)
— | | = - -
(dt’ )L >t 5 , 0l = (0, -kx, -ky, 0)

)

Thisis thesameforceaswe startedwith, sothescalarinsidetheintegral is the scalampotentialof thisvectorfield. The
vectortermsinsidetheintegral ariseasconstant®f integration. They arezeroif t=z=0. Whatrole thesevectorterms
in the potentialquaterniormayplay, if ary, is unknovn to me.

3. TheLinelntegral of Any Closed Loop IsZero

Useary parameterizatiom theline integral, makingsureit comeshackto go.

path = (0, r Cos(t), r Sin(t), 0)

27
J Fdt =0
0



4. TheLinelntegral Along Different Paths|sthe Same

Chooseary two parameterizationsom A to B, andtestthatthey arethe same.Thesepathsarefrom (0, r, 0, 0) to (0,
-r,2r, 0).

pathl = (0, r Cos(t), 2r Sin(%), 0)

2n
J dt =-2kr?
0

path2 = (0, -tr +r, tr, 0)

2
J Fdt = -2kr2
0

Thesame!

Implications

The four standardestsfor a conserative force canbe donewith operatorquaternions.Onenew avenueopenedup
is for doing pathintegrals. It would beinterestingto attemptfour dimensionapathintegralsto seewherethatmight
lead!



