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Chapter1DynamicGraphsofComplexNumbers1. Mathematical physics.2. Dynamicgraphsof complexnumbers.3. Origin isunique.4. Aroundtheorigin.5. Bigcircles.6. Multiple frequencies.7. Seeinguncertainty.

7



1.1MathematicalPhysicsThestudyof local change inpatternsof spacetimeevents.
• Local, nearhereandnow, noglobal answers toall questions.
• Change=calculus.
• Spacetime: 4-vectors (+, * scalar)withthestructureof a field(+, -, *, /).
• Events: thishappenedhere then.Events are the fundamental currencyof theUniverse. Event canbe huge like the bigbang, ortiny, likeanelectroncontinuingtoflutter aroundanatom.Usephysics tomotivatemath.

1.2DynamicsGraphsofComplexNumbersReal t =timeof anevent.Imaginaryx=apositioninspace.

10events,where t=x.
• Anevent isdiscrete - nohalf events.
• Numberof events is equal inthe twographs.

8 Dynamic Graphs of Complex Numbers



• Staticgraphbelowisgeneratedbysnapshotsof the [dynamic] graphabove.Note:gotohttp://sdm.openacs.org/wp/display/1238forademonstrationofdynamicgraphs.
1.3OriginisUniqueAdditive inverse (0, 0) is special. Everythingwithaworldline defines its ownorigin, the placefor that object tocollect informationabout the rest of theUniverse.

• now=center of eventswithtimereflections.
• here=centerof eventswithspace reflections.

Timereflectionof 5events. Space reflectionof 5events.A time mirror is distinct from a space mirror for a dynamic representation of complexnumbers.
• Timereflection: eventsgoout thewaytheycamein.
• Space reflection: pairsof equidistant events.

1.4AroundtheOrigin
• Before:Happenedrecently, nearhere.
• After:Will happensoon, nearhere.

1.4 Around the Origin 9



Uptonow. The future.Datauptonowcanbeusedtoestimate the future.
1.5BigCirclesHere isadynamicgraphof acomplex-valuedoscillator.

• Nearnow(t= 0), therearemanyeventsandmovement inspaceshrinks.
• Nearhere (x=0), thereare fewevents andlargespatial jumps.

1.6MultipleFrequenciesOscillationat several frequencies.

10 Dynamic Graphs of Complex Numbers



Threewavelengths: 2, 4, and8. Twowavelengths: 2and5.
1.7SeeingUncertainty

• Time isdiscretebetweenframes.
• Time is acontinuous, completelyorderedsetwithinframes.
• Events cannot becompletelyordered.Samegeneratingfunction, different informationdensity.

1event/5frames 2events/frame

1.7 Seeing Uncertainty 11



Uncertaintyisminimizedwithlowinformationdensity.
1.8Summary:DynamicsGraphsofComplexNumbersMath:Treat therealpartofcomplexnumbersasadynamicvariableinananimation, theimaginarypart asa locationinspace.Pictures:

12 Dynamic Graphs of Complex Numbers



Chapter2DynamicGraphsofQuaternions1. Dynamicgraphsof quaternions.2. Keyfordynamicgraphs.3. Timereflection.4. Space reflection.5. Tiltedbigcircles.6. Circles andreflections.7. Frequencies andamplitudes.

13



2.1DynamicsGraphsofQuaternionsReal t =timeof anevent.Imaginaryx, y, z=positions inspace.

14 Dynamic Graphs of Quaternions



10events,where t=x= y= z.
• Three static complex planes: timewith vertical, horizontal, and perspective position inspace.
• Perspectiveplanehasnoinformation"behind"viewer.
• Dynamicgraphhasevents that changesize.

2.2KeyforDynamicGraphsEacheventhas four typesof information:1. Whenit happened.2. Howfarupit happened.3. Howfar left it happened.4. Howfarawayit happened.

2.2 Key for Dynamic Graphs 15



Each of the four panels has time, the unifying thread. One static graph also has howup,another howleft, a thirdhowfar awaythe eventswere/will be. Thedynamic graph integratesall that information.Thereareeight boundaries: past andfuture, upanddown, left andright, near andinfinitelyfar. All events that appear inthe fourgraphsmust bewithintheseeight constraints.
2.3TimeReflectionEventsgoout thewaytheycameinforx, y, andz.

16 Dynamic Graphs of Quaternions



2.4SpaceReflectionPairsof equidistant events for x, y, andz, except at theorigin.
2.4 Space Reflection 17



2.5TiltedBigCircleTheoscillator is tiltedawayanddownfromanobserver, butnot twistedtothe left.
18 Dynamic Graphs of Quaternions



2.6CirclesandReflectionsPairs of equidistant events go out as they came in, so oscillators have both time and spacereflections.
2.6 Circles and Reflections 19



2.7FrequenciesandAmplitudesFrequencyishowoftensomethinghappensagaininasetamountof time, aninversemeasureoftime.Anamplitude ishowfar inspaceanoscillator travels.
• The frequencies are sharedinall fourgraphs.
• Theamplitudesare independent inthe threestaticgraphs.
• Thedynamicgraphispreciselylimitedbywhat happens inthestaticgraphs.

20 Dynamic Graphs of Quaternions



2.8Summary:DynamicGraphsofQuaternionsMath:Threestatic complexgraphscombine tomakeonedynamicgraphof aquaternion.Pictures:
2.8 Summary: Dynamic Graphs of Quaternions 21





Chapter3QuaternionsAnalysis
3.1Division:NormalizebyAllHistoriesbetweenConjugates
n−1 =

n∗

Norm(n)

• Works forR,C, andH. 3 fields, 1definition.
• ForR, n֠ =n, Norm(n)=n2.Overlycomplex, butworkswithoutmodificationforC andH.

• Conjugate=mirror reflection.
• All historiesbetweenconjugates areall timelikepathsboundedbylightcones.

3.2Derivative:DivisioninaLimit
∂f(n)

∂n
= lim

dn→0

f(n+ dn)− f(n)

dn

• Works forR and C.
• Fails forH. 23



Thekey: define the limit process sothat thedifferential elementsalways commute.
3.3BetterDerivative:Divisionina2-StepLimitProcessLet the3-vector of thedifferential elementgotozerofirst, followedbythescalar.

∂f(n)

∂n
= lim

(
dn+dn∗

2
→0)

(

lim
(

dn−dn∗

2
→0)

f(n + dn)− f(n)

dn

)

• ForR, dn + dn∗

2
=0,

dn− dn∗

2
= dn.Overlycomplex, butworks.

• ForC, free tochangeorderof limits.
• ForH, not free tochangeorder.Complexnumbersaresymmetricfortimeand1-space.Quaternion3-spacebreaksthesymmetrywithtime, sotheorder of limitsmatters.

3.4CausalOrderofLimits:Timelike,Spacelike,orLightlike1. Startwiththedifferential element:
dn= (dt, dRG /c)2. Rescale totheLorentz invariant interval (dτ )2 = (dt)2− (dRG /c)2:
dn

dτ
= (

dt

dτ
,

d RG
c dτ

)3. If therescaleddifferentialelement's3-vectorgoestozerofirst, dn

dτ
+

dn∗

dτ
/2→0, thevelocityapproacheszero.The interval betweenthedifferential elements is timelike.Classicalmechanics applies.4. If therescaleddifferentialelement'sscalargoestozerofirst, dn

dτ
− dn∗

dτ
/2→0, thederivative

df(n)

dn
isnotdefined, but thenormof thederivative, (df(n)

dn
)∗

df(n)

dn
, is.The interval betweenthedifferential element events is spacelike.
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Classical quantummechanicsapplies.

Classical: Knowmuchabout a little space.ClassicalQM:Muchabout a little time.3.5GeneralBalancedBasisVectorsDonot specifythecoordinatesystem(it couldbeCartesianor spherical for example, but it doesnotmatter).Need to balance scalar with sumof all three imaginaries. Holonomic equation test for ananalyticquaternionfunctionrequires thebalancebetweenthe real andimaginary.
• H: e0,

e1

3
,

e2

3
,

e3

3
.

• C: e0, I =
e1

3
+

e2

3
+

e3

3
.

• R: e0, I = 0 .
3.6LengthofBasisVectors1. Hamilton's convention:

1= e0
2 =− e1

2 =− e2
2 =− e3

2 =− e1 e2 e32. IntheSchwarzschildsolutionof general relativity:
1= e0

2 =− e1
2 =− e2

2 =− e3
2 iff flat.

e0
2< 1 incurvedspacetime.
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e
RG2 > 1 incurvedspacetime.3. Consistentwiththeaboveobservations, defineanewconventionforbasisvector length:

1−△= e0
2 =− 1

e1
2
=− 1

e2
2
=− 1

e3
2

(△= 0 iff flat)

3.7SpanofAutomorphismsThefieldsR,C, andH have1, 2, and4degreesof freedom. Torepresent all possible functionalmappings, 1, 2, and4automorphic functionsare requiredfor eachfield.
• R: Identity (x).

• C: Identity, Conjugate (z, z∗).
• H: Identity, 3Conjugates (q, q∗, q∗1, q∗2) where

q∗1≡ (e1 q e1)
∗ =(− t, x,− y,− z) ,

q∗2≡ (e2 q e2)
∗ =(− t,−x, y,− z) .Any quaternion function on the R4 manifold can be represented on the manifoldH1 using acombinationof q, q∗, q∗1, and q∗2.

3.8FourAnalyticFunctionTests1. Apply limit definitionandshowonlyonenon-zeroderivativewith respect to q, q∗, q∗1,

and q∗2.2. TheCauchy-RiemannEquations.3. Theholonomicequation.4. Thechainrule.
3.9AnalyticbyDerivativeDefinition1. Startwithasimplepolynomial:

26 Quaternions Analysis



f = q22. Applythedefinition:
∂f

∂q
= lim

(d,0G )→0

(

lim
(d,DG )→(d,0G )

(q + (d, DG ))2− q2

(d, DG )

)3. Expand:
∂f

∂q
= lim

(d,0G )→0

(

lim
(d,DG )→(d,0G )

q2 + q (d, DG )+ (d, DG )q + (d, DG )2− q2

(d, DG )

)4. Applylimits:
∂f

∂q
= lim

(d,0G )→0

q (d, 0G ) + (d, 0G )q + (d, 0G )2

(d, 0G )
=2 q5. The function f doesnot dependon q∗, q∗1, or q∗2:

∂f

∂q∗
=

∂f

∂q∗1
=

∂f

∂q∗2
=0

f is analytic in q.
3.10AnalyticbytheCauchy-RiemannEquations1. Startwiththesamesimplepolynomial:

f = q22. Writeout its components:
q2 = (t2 e0

2 +x2 e1
2

9
+ y2 e2

2

9
+ z2 e3

2

9
, 2txe0

e1

3
, 2 tye0

e2

3
, 2 tze0

e3

3
)3. Split intoascalar functionu anda3-vector functionVG :

u= t2 e0
2 + x2 e1

2

9
+ y2 e2

2

9
+ z2 e3

2

9

VG =(2txe0
e1

3
, 2 tye0

e2

3
, 2 tze0

e3

3
)4. Compare theproduct of the timederivativeof uwiththe3-vector I totheproduct of thespatial derivativesof VG andthescalarbasisvector e0:

∂u

∂t

e1

3
=

2

3
te0

2 e1
∂Vx

∂x
e0 =

2

3
te0

2 e1
∂u

∂t

e2

3
=

2

3
te0

2 e2
∂Vy

∂y
e0 =

2

3
te0

2 e2
∂u

∂t

e3

3
=

2

3
te0

2 e3
∂Vz

∂z
e0 =

2

3
te0

2 e35. Comparethereverse: theproductof thespatialderivativeof u andthescalarbasisvector
e0 andthe timederivativeof VG withthe3-vector I:

∂u

∂x
e0 =− 2

9
xe0

∂Vx

∂t

e1

3
=

2

9
xe1

∂u

∂y
e0 =− 2

9
ye0

∂Vy

∂t

e2

3
=

2

9
ye2

∂u

∂z
e0 =− 2

9
ze0

∂Vz

∂t

e3

3
=

2

9
ze3
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Note that the basis vectors are different, which is the entire reason that the signs aredifferent.The function f is analytic in q bytheCauchy-Riemannequations.
3.11AnalyticbytheHolonomicEquationTheholonomicequationfor aquaternionfunctionis:

∂u

∂t
+

∂Vx

∂x
+

∂Vy

∂y
+

∂Vz

∂z
= 01. Startwiththesamefunction f split upthesameway:

f = q2

u= t2 e0
2 + x2 e1

2

9
+ y2 e2

2

9
+ z2 e3

2

9

VG =(2txe0
e1

3
, 2 tye0

e2

3
, 2 tze0

e3

3
)2. Take the relevant derivatives:

∂u

∂t
=2te0

2

∂Vx

∂x
= 2te0

e1

3
∂Vy

∂y
= 2te0

e2

3

∂Vz

∂z
= 2te0

e3

33. Dot thiswiththe4-basisvector toformtheholonomicequation:(2te0
2, 2te0

e1

3
, 2te0

e2

3
, 2te0

e3

3
).(e0, e1, e2, e3)

= 2te0
3 +

2

3
te0 e1

2 +
2

3
te0 e2

2 +
2

3
te0 e3

2 =0The function f is analytic in q bytheholonomicequation.
3.12RepresentingComponentswithAutomorphisms1. t= q + q∗

2
e0 (like real for z).2. x=

q + q∗1

− 2/3
e1 =

2/3 xe1

− 2/3
e13. y=

q + q∗2

− 2/3
e2 =

2/3 ye2

− 2/3
e24. z=

q + q∗+ q∗1 + q∗2

2/3
e3 =

− 2/3 ze3

2/3
e3Theseareneededtoapplythechainrule.

28 Quaternions Analysis



Chapter4UnifyingGravityandEMbyAnalogytoEM:Outline
Day1: Lagrangedensities.Day2: Fieldsandquantummechanics.Day3: Forces,metrics, andnewphysics.

29



4.1RequiredSkills
• Algebra.
• AP-level calculus.
• Ability tolearn fast.Helpful knowledge:Lagrangians, calculus of variations, complex analysis, dimensional analysis, the Maxwellequations, general relativity, quantummechanics, perturbation theory, group theory, astro-physics.

4.2(Title)InformationStructure(Preamble)Definitionor explanation.
• (Example1) Slides.
• (Example2) Slidesummary.
• (Example3)Hardcopyfromwebat quaternions.com.1. (Start)Outlineormathderivation.2. (End) Interdependent taskcompleted.Comment, suchas tryingtomake less than7 infochunks/slide.Warning:Visual informationmaybe imprecise!

M y apartm en t looks d ifferen t.
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S lid e 57 count to end + random rem arks.
4.3TheBigPicture:A4DSlinkyGravityandlight formaslinkyinfourdimensions (one for time, three for space).

• Aslinkywobbles.
• TheEarthhaswobbledaroundtheSun4billiontimes.
• Light is createdbyelectronswobbling.Wantadescriptionofall theinteractionsinavolume(calledaLagrangedensity)thatcanbeusedtocreate4differentialequations(a4Dwaveequation).Thesolutionstothoseequationsmustthenbe linkedtothesimpleharmonicoscillationsdisplayedbygravitational andelectronicsystems.Thoughtexperiment: slowneutrinoscouldwobblethroughtheEarthactasaSHO,cyclingtotheother sideof theEarthandbackevery88minutes. This is a longitudinalwave, because theaccelerationis inthedirectionof thevelocity.

4.4MustDoPhysics
• Gravity.
• EM.
• Quantummechanics.
• Experimental tests.
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4.4.1 MustDo:Gravity1. Fg =−Gmψ R̂ Likechargesattract.2. +m Onecharge.3. ρ=∇2φ Newton'sgravitational fieldequation.4. md2RG
dt2

=− GMm

R2
R̂ Newton's lawofgravityunder classical conditions.5. dτ 2 =(1− 2

GM

c2R
+ 2(

GM

c2R
)2)dt2− (1+ 2

GM

c2R
)

dR2

c2ConsistentwiththeSchwarzschildmetric.
4.4.2 MustDo:Electrodynamics1. FEM = qEG Likecharges repel.2. ± q Twodistinct charges.3. ρ=∇G ·EG JG =− ∂EG

c∂t
+∇G ×BG Maxwell sourceequations.4. 0=∇G ·BG 0G =

∂BG
c∂t

+∇G ×EG Maxwell homogeneousequations.5. F µ = q
Uµ

c
(Aµ,ν −Aν ,µ) Lorentz force.

4.4.3 MustDo:QuantumMechanics1. Unifiedfieldemissionmodes canbequantized.2. Workswiththestandardmodel.3. Indicatesoriginofmass.
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4.4.4 MustDo:ExperimentalTests1. LIGO(gravitywavepolarization).2. Rotationprofilesof spiral galaxies.3. BigBangconstant velocitydistribution.
4.4.5 WillNotBeDoing

• Reviewofpreviousefforts tounifygravityandEM.
• RegenerateEinstein's fieldequations, Gµν = 8πT µν.Don't bet against Einstein. Einstein viewed general relativity as an intermediate step. The last half of his life wasdevoted to two tasks: unifying gravity with EM, and understanding why quantum mechanics is the way it is, thelogical reason driving it. He was willing to reconstruct physics from the ground up so long as guiding principleswere respected. These lectures are devoted to unification. Another lecture series would be required to understandthe logic of quantum mechanics, and I do think I know where the answer to that riddle lives.
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4.5LagrangeDensitiesWhereallmass, energy, andinteractionsare inavolume.1. EMLagrangedensity.2. EMtogravitybyanalogy.3. GravityLagrangedensityhypothesis.4. GEMLagrangedensity.5. GEMLagrangedensityindetail.

4.5.1 EMLagrangeDensitiesWhereall EMenergyis inavolume, nogravity.
L
EM

=− 1

γ
ρm − 1

c
JµA

µ − 1

4c2
(∇µAν −∇νAµ)(∇µAν −∇νAµ)

• − 1

γ
ρm Energydensityofmass inmotion.

• − 1

c
JµA

µ Energydensityof electric charge inmotion.
• − 1

4c2
(∇µAν −∇νAµ)(∇µAν −∇νAµ)Energydensityof antisymmetric change inthepotential.Thepattern: rank-0, rank-1contraction, andrank-2contraction.

4.5.2 EMtoGravityAnalogy
• − 1

γ
ρm Nochange formass inmotionrank-0 term.

• − q� + G
√

m Electric charge tomass charge.
• Change fieldstrengthtensor's symmetry.

A−A� A+A Anti-symmetric tosymmetric tensor.
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There are tw o sign changes, b o th are m inu s to p lu s . The first from -q to +m m akes th e law attractiv e . The second in th e ten sor changes th esymm etry .

4.5.3 GravityLagrangeDensityHypothesisWhereall gravitational energyis inavolume, noEM.
LG =− 1

γ
ρm +

1

c
Jm

µAµ − 1

4c2
(∇µAν +∇νAµ)(∇µAν +∇νAµ)

• − 1

γ
ρm Energydensityofmass inmotion.

• +
1

c
Jm

µAµ Energydensityofmass charge inmotion.
• − 1

4c2
(∇µAν +∇νAµ)(∇µAν +∇νAµ)Energydensityof symmetric change inthepotential.On ly th e rank-1 and rank-2 con traction term s have been changed by th e ana logy .

4.5.4 UnifiedLagrangeDensity
LGEM is theunionofLG andLEM.

• Mass inmotiontermisaunion, not asum.
• Sumcharges inmotionterms.
• Sumandsimplifyfieldstrengthtensor terms:1. ∇µAν ∇νAµ −∇µAν ∇νAµ Cross termsdrop.2. ∇µAν ∇µAν =∇νAµ∇νAµ Contractionsareequal.

LGEM =− 1

γ
ρm − 1

c
(Jq

µ − Jm
µ)Aµ − 1

2c2
∇µAν∇µAνN ote: Every p roperty o f th is p roposa l is d ic tated by LGEM !
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4.5.5 GEMLagrangeDensityinDetailGoal: Get toindividual terms, noindices.Method: Expand, contract, andrepeat.1. StartwiththeGEMLagrangedensitywhichhas 1 +4+ 16 final terms:
LGEM =− 1

γ
ρm − 1

c
(Jq

µ − Jm
µ)Aµ − 1

2c2
∇µAν∇µAν2. ExpandJ µ ,Aµ.Applythedefinitionofacontravariantderivativetoacontravariantvector(∇µAν = ∂µAν −Γσ

µ ν Aσ):
L=− 1

γ
ρm − (ρq − ρm)(c,− vu)(φ,Au)

− 1

2c2
(∂µAν −Γσ

µ ν Aσ)(∂µAν −Γσ
µνAσ)3. Contract Uµ withAµ.Multiplyout final term:

L=− 1

γ
ρm − (ρq − ρm)(cφ− vuAu)

− 1

2c2
(∂µAν ∂µAν − 2 Γσ

µ ν Aσ∂µAν + Γσ
µ ν Aσ Γσ

µνAσ)4. Expand∂µA
ν and∂µAν .Workinlocal covariant coordinateswhereΓ= 0:

L=− 1

γ
ρm − (ρq − ρm)(cφ− vuAu)− 1

2c2
(

∂

∂t
,−∇v)(φ,Au)(

∂

∂t
,∇v)(φ,−Au)5. Contract:

L=− 1

γ
ρm − (ρq − ρm)(cφ− vuAu)− 1

2c2
((

∂φ

∂t
)2− (∇φ)v2− (

∂A

∂t
)u2 + (∇A)uv2)6. Write itALLout:

L=− ρm( 1− (
∂x

c∂t
)2− (

∂y

c∂t
)2− (

∂z

c∂t
)2

√

− (ρq − ρm)(cφ− ∂x

∂t
Ax − ∂x

∂t
Ay − ∂z

∂t
Az)

− 1

2
((

∂φ

c∂t
)2− (

∂φ

∂x
)2− (

∂φ

∂y
)2− (

∂φ

∂z
)2− (

∂Ax

c∂t
)2 + (

∂Ax

∂x
)2 +(

∂Ax

∂y
)2 + (

∂Ax

∂z
)2

− (
∂Ay

c∂t
)2 + (

∂Ay

∂x
)2 +(

∂Ay

∂y
)2 +(

∂Ay

∂z
)2− (

∂Az

c∂t
)2 +(

∂Az

∂x
)2 + (

∂Az

∂y
)2 +(

∂Az

∂z
)2)

4.5.6 Summary:LagrangeDensitiesMath:
LGEM =− 1

γ
ρm − 1

c
(Jq

µ − Jm
µ)Aµ −∇µAν∇µAνPictures:
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4.6Fields1. ThePlayers.2. Euler-Lagrangeequation:a) Principleof least action.b) Derivation.c) ApplytoGEMLagrangedensity.3. Classical fields.4. Classical fields indetail.5. Classical fieldequations:a) Gauss' lawandNewton's [relativistic] gravitational field.b) Ampere's lawandmasscurrent.c) Vector identities.

4.6.1 ThePlayersAtableoftheplayersinfieldsandfieldequations. Threenewfieldsforgravitywillbeintroducedsubsequently.Rank Symbol Name0 L Lagrangedensity1 Aν Potential1 c
∂L

∂Aν = c∇
µ(

∂L

∂∇
µ
Aν

) Fieldequations1 ∂EG
c∂t

, ∇G × EG ,
∂ eG
c∂t

,
∂BG
c∂t

, Fieldequationsas classical fields
∇G × BG , ∇G ⊠ bG , ∇gµ2 EG , eG , BG , bG , gµ Classical fieldswhichconstitute∇

µAν4.6.2 PrincipleofLeastActionThespacetime integral of aLagrangedensity:1. Theaction:
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S=
∫

L − g
√

∂V ∂t2. Minimize theaction:
δS=

∫

(
∂L

∂Aν δA
ν +

∂L

∂∇µAν δ∇µAν) − g
√

∂V ∂t=0Searchforminimal function, not value, usingcalculusof variations.
4.6.3 DerivetheEuler-LagrangeEquationLocal covariant coordinateswill beusedinthe followingwork.1. StartwithaLagrangedensitythat isafunctionofAν and∇µAν (notpositionorvelocity):

L= f(Aν ,∇µAν)2. Formtheaction:
S=

∫

L(Aν ,∇µAν) − g
√

∂V ∂t3. Take thevariationof theaction:
δS=

∫

(
∂L

∂Aν δA
ν +

∂L

∂∇µAν δ∇µAν) − g
√

∂V ∂t4. Rewrite the2ndtermusingthechainrule, subtractingtheexcess term:
δS=

∫

(
∂L

∂Aν δA
ν +∇µ(

∂L

∂ ∇µ
Aν
δAν)−∇µ(

∂L

∂ ∇µ
Aν

)δAν) − g
√

∂V ∂t5. Integral of 2ndtermiszero(a theoremofGauss):
δS=

∫

(
∂L

∂Aν −∇µ(
∂L

∂ ∇µ
Aν

))δAν − g
√

∂V ∂t6. Set integral tozero,whichis true for all possiblevariations if integrandiszero:
∂L

∂Aν =∇µ(
∂L

∂ ∇µ
Aν

)

4.6.4 ApplyEuler-LagrangetoGEMLagrangeDensity1. StartwithEuler-Lagrange, ∂L

∂Aν =∇µ(
∂L

∂ ∇µ
Aν

), writtenwithout indices:
c

∂L

∂φ
= c(

∂

∂t
(

∂L

∂(
∂φ

∂t
)
)− ∂

∂x
(

∂L

∂(− ∂φ

∂x
)
)− ∂

∂y
(

∂L

∂(− ∂φ

∂y
)
)− ∂

∂z
(

∂L

∂(− ∂φ

∂z
)
))

c
∂L

∂Ax
= c(

∂

∂t
(

∂L

∂(
∂Ax

∂t
)
)− ∂

∂x
(

∂L

∂(− ∂Ax

∂x
)
)− ∂

∂y
(

∂L

∂(− ∂Ax

∂y
)
)− ∂

∂z
(

∂L

∂(− ∂Ax

∂z
)
))

c
∂L

∂Ay
= c(

∂

∂t
(

∂L

∂(
∂Ay

∂t
)
)− ∂

∂x
(

∂L

∂(− ∂Ay

∂x
)
)− ∂

∂y
(

∂L

∂(− ∂Ay

∂y
)
)− ∂

∂z
(

∂L

∂(− ∂Ay

∂z
)
))

38 Unifying Gravity and EM by Analogy to EM: Outline



c
∂L

∂Az
= c(

∂

∂t
(

∂L

∂(
∂Az

∂t
)
)− ∂

∂x
(

∂L

∂(− ∂Az

∂x
)
)− ∂

∂y
(

∂L

∂(− ∂Az

∂y
)
)− ∂

∂z
(

∂L

∂(− ∂Az

∂z
)
))2. WriteoutGEMLagrangedensitywithout indices:

L=− ρm( 1− (
∂x

c∂t
)2− (

∂y

c∂t
)2− (

∂z

c∂t
)2

√

− (ρq − ρm)(cφ− ∂x

∂t
Ax − ∂x

∂t
Ay − ∂z

∂t
Az)

− 1

2
((

∂φ

c∂t
)2− (

∂φ

∂x
)2− (

∂φ

∂y
)2− (

∂φ

∂z
)2− (

∂Ax

c∂t
)2 + (

∂Ax

∂x
)2 +(

∂Ax

∂y
)2 + (

∂Ax

∂z
)2

− (
∂Ay

c∂t
)2 + (

∂Ay

∂x
)2 +(

∂Ay

∂y
)2 +(

∂Ay

∂z
)2− (

∂Az

c∂t
)2 +(

∂Az

∂x
)2 + (

∂Az

∂y
)2 +(

∂Az

∂z
)2)3. Apply:

− (ρq − ρm)=− ∂2φ

c∂t2
+ c

∂2φ

∂x2
+ c

∂2φ

∂y2
+ c

∂2φ

∂z2

(ρq − ρm)
∂x

c∂t
=

∂2Ax

c∂t2
− c

∂2Ax

∂x2
− c

∂2Ax

∂y2
− c

∂2Ax

∂z2

(ρq − ρm)
∂y

c∂t
=

∂2Ay

c∂t2
− c

∂2Ay

∂x2
− c

∂2Ay

∂y2
− c

∂2Ay

∂z2

(ρq − ρm)
∂z

c∂t
=

∂2Az

c∂t2
− c

∂2Az

∂x2
− c

∂2Az

∂y2
− c

∂2Az

∂z24. Executivesummary:
Jq

ν − Jm
ν =� 2Aν

4.6.5 ClassicalFieldsThe classical fields EG and BG make up the antisymmetric tensor (∇µAν − ∇µAµ). Intro-duce three new fields, eG and bG which have EM counterparts, and a 4-vector field
gµ for the diagonal components of the symmetric tensor (∇µAν +∇νAµ).

• EG =− ∂AG
∂t

− c∇G φ Electric field.
• eG =

∂AG
∂t

− c∇G φ− 2Γσ
0 iAσ Symmetricanalogtoelectric field.

• BG = c∇G ×AG Magnetic field.
• bG =− ∂iAj − ∂ jAi− 2Γσ

ijAσ

= c(0,− ∂Az

∂y
− ∂Ay

∂z
− 2Γσ

yzAσ,− ∂Ax

∂z
− ∂Az

∂x
− 2Γσ

xzAσ,

− ∂Ay

∂x
− ∂Ax

∂y
− 2Γσ

xyAσ)≡ c∇G ⊠AGSymmetric analogtomagnetic field.
• g µ = ∂µAµ −Γσ

µ µAσ

=(
∂φ

∂t
−Γσ

ttAσ,− c
∂Ax

∂x
−Γσ

xxAσ,− c
∂Ay

∂y
−Γσ

yyAσ,− c
∂Az

∂z
−Γσ

zzAσ)Diagonal of∇µAν.
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3+3+3+3+4=16fields total.All three g's transformdifferentlythanaxial orpolarvectors.

4.6.6 ClassicalFieldsinDetail1. Startwiththeasymmetric fieldstrengthtensor,∇µAν, writtenasamatrix:
µ= φ µ=Ax µ=Ay µ=Az

∂φ

∂t
−Γσ

t tAσ ∂Ax

∂t
−Γσ

t xAσ ∂Ay

∂t
−Γσ

t yAσ ∂Az

∂t
−Γσ

tzAσ

− c
∂φ

∂x
−Γσ

x tAσ − c
∂Ax

∂x
−Γσ

x xAσ − c
∂Ay

∂x
−Γσ

x yAσ − c
∂Az

∂x
−Γσ

zzAσ

− c
∂φ

∂y
−Γσ

y tAσ − c
∂Ax

∂y
−Γσ

y xAσ − c
∂Ay

∂y
−Γσ

yyAσ − c
∂Az

∂y
−Γσ

yzAσ

− c
∂φ

∂z
−Γσ

z tAσ − c
∂Ax

∂z
−Γσ

zxAσ − c
∂Ay

∂z
−Γσ

zyAσ − c
∂Az

∂z
−Γσ

zzAσ2. Anantisymmetricandsymmetric sumequal to2∇µAν:
∇µ

Aν −∇νAµ
=

0 ∂Ax

∂t
+ c

∂φ

∂x

∂Ay

∂t
+ c

∂φ

∂y

∂Az

∂t
+ c ∂φ

∂z

− c
∂φ

∂x
−

∂Ax

∂t
0 − c

∂Ay

∂x
+ c

∂Ax

∂y
− c

∂Az

∂x
+ c

∂Ax

∂z

− c
∂φ

∂y
− ∂Ay

∂t
− c

∂Ax

∂y
+ c

∂Ay

∂x
0 − c

∂Az

∂y
+ c

∂Ay

∂z

− c
∂φ

∂z
− ∂Az

∂t
− c

∂Ax

∂z
+ c

∂Az

∂x
− c

∂Ay

∂z
+ c

∂Az

∂y
0

∇µA
ν +∇ν

Aµ =
2

∂φ

∂t
− 2Γσ

ttAσ ∂Ax

∂t
− c

∂φ

∂x
− 2Γσ

txAσ ∂Ay

∂t
− c

∂φ

∂y
− 2Γ

σ

ty
Aσ − ∂Az

∂t
− c

∂φ

∂z
− 2Γσ

tzAσ

− c
∂φ

∂x
+

∂Ax

∂t
− 2Γσ

xtAσ 2c
∂Ax

∂x
− 2Γσ

xxAσ
− c

∂Ay

∂x
− c

∂Ax

∂y
− 2Γ

σ

xy
Aσ − c

∂Az

∂x
− c

∂Ax

∂z
− 2Γσ

xzAσ

− c
∂φ

∂y
+

∂Ay

∂t
− 2Γ

σ

yt
Aσ

− c
∂Ax

∂y
− c

∂Ay

∂x
− 2Γ

σ

yx
Aσ

− 2c
∂Ay

∂y
− 2Γ

σ

yy
Aσ

− c
∂Az

∂y
− c

∂Ay

∂z
− 2Γ

σ

yz
Aσ

− c
∂φ

∂z
+

∂Az

∂t
− 2Γσ

z tAσ
− c

∂Ax

∂z
− c

∂Az

∂x
− 2Γσ

zxAσ
− c

∂Ay

∂z
− c

∂Az

∂y
− 2Γ

σ

zy
Aσ − 2 c

∂Az

∂z
− 2Γσ

zzAσ3. ∇µAν writtenintermsof thegravitational, electric, andmagnetic fields:
gt ex −Ex ey −Ey ez −Ez

ex +Ex gx bz −Bz by +By

ey +Ey bz +Bz gy bx −Bx

ez +Ez by −By bx +Bx gz
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4.6.7 Gauss'LawandNewton'sGravitationalFieldMethod: 1

2
(EMlaw + gravitational analog) + diagonal terms=fieldequations.

ρq − ρm =
∂2φ

c ∂t2
− c

∂2φ

∂x2
− c

∂2φ

∂y2
− c

∂2φ

∂z2

=
∂2φ

c ∂t2
+

1

2

∂

∂x
((− ∂Ax

∂t
− c

∂φ

∂x
)+ (∂Ax

∂t
− c

∂φ

∂x
))

+
1

2

∂

∂y
((− ∂Ay

∂t
− c

∂φ

∂y
) + (∂Ay

∂t
− c

∂φ

∂y
))

+
1

2

∂

∂z
((− ∂Az

∂t
− c

∂φ

∂z
) + (∂Az

∂t
− c

∂φ

∂z
))

=
∂gt

c∂t
+

1

2
(∇G ·EG +∇G · eG )

• Newton's [relativistic]gravitational fieldequationresults inthephysical situationwherethere isnoelectric chargedensityandnodivergenceof the fieldEG .
• Gauss' lawresultsinthephysicalsituationwithnomassdensityandnodivergenceofthefieldeG .Im p lica tion s fo r fo rces: N ew ton 's fie ld law im p lies an attractiv e fo rce fo r m ass , w hile G auss' law ind icates like electric charges repu lse .

4.6.8 Ampere'sLawandMassCurrentMethod: Sameasprevious.
JG q − JGm = (

∂2Ax

c ∂t2
− c

∂2Ax

∂x2
− c

∂2Ax

∂y2
− c

∂2Ax

∂z2
,

∂2Ay

c ∂t2
− c

∂2Ay

∂x2
− c

∂2Ay

∂y2
− c

∂2Ay

∂z2
,

∂2Az

c ∂t2
− c

∂2Az

∂x2
− c

∂2Az

∂y2
− c

∂2Az

∂z2
)

=
1

2
(− ∂

∂t
((− ∂Ax

c ∂t
− ∂ φ

∂x
)− (

∂Ax

c ∂t
− ∂ φ

∂x
))− ∂

∂x

∂Ax

∂x

− ∂

∂y
(

∂Ax

∂y
− ∂Ay

∂x
) +

∂

∂z
(

∂Az

∂x
− ∂Ax

∂z
) +

∂

∂y
(− ∂Ax

∂y
− ∂Ay

∂x
) +

∂

∂z
(− ∂Az

∂x
− ∂Ax

∂z
),

− ∂

∂t
((− ∂Ay

c ∂t
− ∂ φ

∂y
)− (

∂Ay

c ∂t
− ∂ φ

∂y
))− ∂

∂y

∂Ay

∂y

− ∂

∂z
(

∂Ay

∂z
− ∂Az

∂y
)+

∂

∂x
(

∂Ax

∂y
− ∂Ay

∂x
) +

∂

∂z
(− ∂Ay

∂z
− ∂Az

∂y
)+

∂

∂x
(− ∂Ax

∂y
− ∂Ay

∂x
),

− ∂

∂t
((− ∂Az

c ∂t
− ∂ φ

∂z
)− (

∂Az

c ∂t
− ∂ φ

∂z
))− ∂

∂z

∂Az

∂z
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− ∂

∂x
(

∂Az

∂x
− ∂Ax

∂z
)+

∂

∂y
(

∂Ay

∂z
− ∂Az

∂y
) +

∂

∂x
(− ∂Az

∂x
− ∂Ax

∂z
)+

∂

∂y
(− ∂Ay

∂z
− ∂Az

∂y
))

=
1

2
(− ∂EG

c ∂t
+

∂ eG
c ∂t

+∇G ×BG −∇⊠ bG ) +∇G u
gu

• Apuremass current equation results in thephysical situationwhere there is no electriccurrent densitynotimechangeof the fieldEG andnocurl of the fieldBG .
• Ampere's lawresults inthephysical situationwherethere isnomasscurrentdensity, nogradient of the field gu andnot boxedcurl of bG .

4.6.9 VectorIdentitiesVector identitiesorhomogeneousequationsareunchanged.
• Nomagneticmonopoles:

∇G ·BG =∇G · (c∇G ×AG ) = 0

• Faraday's law:
∂

∂t
∇G ×AG −∇G × ∂AG

∂t
−∇G × c∇G φ=0GNoobviousvector identityanalogs for gravitational fields foundyet.

4.6.10 Summary:FieldEquationsMath:
Jµ =�2AµPictures:
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4.7Stresses,Forces,andGeodesics1. Stresses:a) Hamiltoniandensity.b) Stress tensor.c) Stress tensor ofGEM.2. Forces:a) EMLorentz force.b) EMtogravityanalogy.c) Gravitational force.d) GEMforce.3. Geodesics:a) Effect of ageodesic.b) Causeof curvature inageodesic.c) Killing'sdifferential equation.

4.7.1 TheHamiltonianDensityTheHamiltoniandensity is awayto characterize the energy inavolume. It cangeneralized toformthestress tensorwhichhasenergy,momentum, andstress all inone tensor.1. Start fromtheequationfor theHamiltoniandensity:
H=πµ ∂Aµ

c∂t
−L2. Recall theGEMLagrangedensitywithnocurrent:

L=
1

2
(− (

∂φ

c∂t
)2 + (

∂φ

∂x
)2 +(

∂φ

∂y
)2 +(

∂φ

∂z
)2 + (

∂Ax

c∂t
)2− (

∂Ax

∂x
)2− (

∂Ax

∂y
)2− (

∂Ax

∂z
)2

+(
∂Ay

c∂t
)2− (

∂Ay

∂x
)2− (

∂Ay

∂y
)2− (

∂Ay

∂z
)2 +(

∂Az

c∂t
)2− (

∂Az

∂x
)2− (

∂Az

∂y
)2− (

∂Az

∂z
)2)3. Calculate thecanonicalmomentumdensity:

πµ =
∂L

∂ (
∂Aµ

c∂t
)
=− ∂φ

c∂t
− ∂Ax

c∂t
− ∂Ay

c∂t
− ∂Ax

c∂t
=− ∂Aµ

c∂t4. Substitute themomentumπµ intotheHamiltoniandensityH:
H=− ∂Aµ

c∂t

∂Aµ

c∂t
−L
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5. Writeout thecomponents:
H=

1

2
(− (

∂φ

c∂t
)2− (

∂φ

∂x
)2− (

∂φ

∂y
)2− (

∂φ

∂z
)2 +(

∂Ax

c∂t
)2 + (

∂Ax

∂x
)2 +(

∂Ax

∂y
)2 + (

∂Ax

∂z
)2

+(
∂Ay

c∂t
)2 +(

∂Ay

∂x
)2 + (

∂Ay

∂y
)2 + (

∂Ay

∂z
)2 +(

∂Az

c∂t
)2 + (

∂Az

∂x
)2 +(

∂Az

∂y
)2 + (

∂Az

∂z
)2)6. Rearrange:

H=− 1

2
(

∂φ

c∂t
)2 +

1

2
(

∂Ax

∂x
)2 +

1

2
(

∂Ay

∂y
)2 +

1

2
(

∂Az

∂z
)2

+
1

2
((

∂Ax

c∂t
)2− (

∂φ

∂x
)2) +

1

2
((

∂Ay

c∂t
)2− (

∂φ

∂y
)2) +

1

2
((

∂Az

c∂t
)2− (

∂φ

∂z
)2)

+
1

4
((

∂Az

∂y
)2− 2

∂Az

∂y

∂Ay

∂ z
+ (

∂Ay

∂z
)2)+�

+
1

4
((

∂Az

∂y
)2 +2

∂Az

∂y

∂Ay

∂ z
+(

∂Ay

∂z
)2) +�7. Recall thedefinitionsofGEMfields:

g µ = c(
∂φ

c∂t
,− ∂Ax

∂x
,− ∂Ay

∂y
,− ∂Az

∂z
)

EG = c(− ∂Ax

c∂t
− ∂φ

∂x
,− ∂Ay

c∂t
− ∂φ

∂y
,− ∂Az

c∂t
− ∂φ

∂z
)

eG = c(+
∂Ax

c∂t
− ∂φ

∂ x
,+

∂Ay

c∂t
− ∂φ

∂y
,+

∂Az

c∂t
− ∂φ

∂z
)

BG = c(+
∂Az

∂y
− ∂Ay

∂z
,+

∂Ax

∂z
− ∂Az

∂x
,+

∂Ay

∂x
− ∂Ax

∂y
)

bG = c(− ∂Az

∂y
− ∂Ay

∂z
,− ∂Ax

∂z
− ∂Az

∂x
,− ∂Ay

∂x
− ∂Ax

∂y
)8. Rewrite theHamiltoniandensity intermsof theGEMfields:

H=
1

c2
(− 1

2
g0

2 +
1

2
gG 2− 1

2
EG eG +

1

4
BG 2

+
1

4
bG 2

)4.7.2 StressTensorTherank-2stress tensor is relatedtoaderivativeof aLagrangedensity.1. StartwithaLagrangedensity:
L= f(Aσ,∇µAσ)2. Take thederivative:
∇νL =

∂L

∂Aσ
∇νAσ +

∂L

∂∇µ Aσ
∇ν∇µAσ3. Use theEuler-Lagrangeequationonthe first term, ∂L

∂Aσ
=∇µ(

∂L

∂ ∇µ Aσ
).Change theorder ofpartial derivatives inthesecondterm:

∇νL =∇µ(
∂L

∂∇µ Aσ
)∇νAσ +

∂L

∂∇µ Aσ
∇µ∇νAσ4. Applythechainrule tocondense intoone term:

∇νL =∇µ ((
∂L

∂∇µ Aσ
)∇νAσ)5. Define the rank-2stress tensor as thestuff inside,minus theLagrangedensity:

T µ ν ≡ (
∂L

∂∇µAσ
)∇νAσ − g µ νL
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4.7.3 StressTensorofGEM1. Startwiththestress tensordefinition:
T µ ν ≡ (

∂L

∂∇µ Aσ
)∇νAσ − g µ νL2. GEMLagrangedensityinavacuum:

LGEM =− 1

2c2
∇λAσ∇λAσ3. Apply:

T µ ν =− 1

2c2
∇ νAσ∇µAσ +

1

2c2
gµ ν ∇λAσ∇λAσ4. Writeout theenergydensityterm.

T 00 =− 1

c2
∂Aσ

∂t

∂Aσ

∂t
+

1

2c2
g00((

∂φ

∂t
)2− (∇φ)2− (

∂AG
∂t

)2 +(∇AG )2)

=− 1

2c2
(

∂φ

∂t
)2 +

1

2c2
(

∂AG
∂t

)2− 1

2
(∇φ)2 +

1

2
(∇AG )2

=− 1

2
g0

2 +
1

2
gG 2− 1

2
eE+

1

4
B2 +

1

4
b2Notes:

• T 00 =E2 +B2 inEM. It isunclearwhat thedifferencemeans.
• T µν� F µ There shouldbeapathbetweentheGEMstress tensor and therelativistic force, but I havenot figuredit out yet.

4.7.4 EMLorentzForceTheLorentz force is causedbyanelectric chargemoving inanEMfield. The effect is topushparticles around.
FEM

µ = q
Uν

c
(∂µAν − ∂νAµ) =

∂ m Uµ

∂ τ

• The cause is electric charge times the velocity contractedwith the antisymmetric fieldstrengthtensor.
• Theeffect is tochangemomentumwithrespect tothe interval τ .
• Ifthesignofchargeisinverted(q� − q),FEM

µ flipssigns,sotherearetwodistinguishableelectric charges.
• Likeelectricalchargesareforcedawayfromeachotherduetothepositivesignoftheforce.
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4.7.5 EMtoGravityAnalogy
• − q� + G

√
m Electric charge tomass charge.

• Change fieldstrengthtensor's symmetry.
A−A� A+A Anti-symmetric tosymmetric tensor.

4.7.6 GravitationalForceThegravitational force is causedbyamass chargemoving inagravitational field. The effect istopushparticles around.
FG

µ =− G
√

m
Uν

c
(∇µAν +∇νAµ)=

∂ m U µ

∂ τ

• Thecause ismass charge times thevelocitycontractedwiththesymmetric fieldstrengthtensor.
• Theeffect is tochangemomentumwithrespect tothe interval τ .
• If thesignofmass is inverted(m� −m),FG

ν is invariant sothere isonedistinguishablemass charge.
• Mass chargesare forcedtowardeachotherdue tothenegativesignof the force.

4.7.7 GEMForceTheGEMforce is thesumof thegravitational andEMforces.
FGEM

µ =− ( G
√

m− q)
Uν

c
∇µAν − ( G

√
m+ q)

Uν

c
∇νAµ =

∂ mUµ

∂ τ

• FGEM
ν =FG

ν if q= 0 TheGEMforce is thegravitational force if theelectric charge iszero.
• FGEM

ν � FEM
ν as G

√
m

hc
√ � 0
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TheGEMforceapproaches theLorentz force if themass charge is small comparedtothefundamental electriccharge(n hc
√ ,wherenisaninteger for thenumberofquantaofcharges). Foroneelectron:

6.67x10−11 m3

kg s2

6.63x10−34 kg m2

s
3.00x108 m

s

√

9.11x10−31 kg= 1.67x10−23

4.7.8 EffectofaGeodesicAgeodesicisthepathofzeroexternalforce. Investigatethechangeinmomentum(oreffect)termof FGEM
ν .1. Startwiththechange inmomentumset equal tozero.Applythechainrule toexpand:

0=
∂ mUν

∂ τ
=m

∂ Uν

∂ τ
+U ν ∂ m

∂ τ2. Assume ∂ m

∂ τ
=0. Use thechainrule toexpand ∂ Uν

∂ τ
:

0=m
∂ Uν

∂ τ
=m

∂ Uν

∂ xµ

∂ xµ

∂ τ
=m∇µU

νU µ3. Applythedefinitionofacovariantderivativeofacontravariantvector(normalderivative+change inthemetric,∇µA
ν = ∂µA

ν +Γ̟µ
ν A̟):

0=m∂µU
νU µ +mΓ̟µ

νU µUω =m ∂2xν

∂ τ2
+mΓ̟µ

νU µUωIf anyaccelerationisseenwithout aforce(m ∂2xν

∂ τ2
� 0, FGEM

µ =0), thentheeffect isentirelyduetothecurvatureof spacetime (mΓ̟µ
νU µUω� 0).

4.7.9 CauseofCurvatureEveryeffectmust haveacause. Explore thechange inpotential (or cause) term.1. Startwithforce set equal tozero:
0=− ( G

√
m− q)

Uν

c
∇µAν − ( G

√
m+ q)

Uν

c
∇νAµ2. Applythedefinitionofacovariantderivativeofacontravariantvector,normalderivative- change inthemetric,∇µAν = ∂µAν −Γ̟

µν A̟:

4.7 Stresses, Forces, and Geodesics 47



0=− ( G
√

m− q)
Uν

c
∂µAν − ( G

√
m+ q)

Uν

c
∂νAµ

+ G
√

m
Uν

c
Γ̟

µν A̟ − q
Uν

c
Γ̟

µν A̟

+ G
√

m
Uν

c
Γ̟

νµA̟ + q
Uν

c
Γ̟

νµ A̟

=− ( G
√

m− q)
Uν

c
∂µAν − ( G

√
m+ q)

Uν

c
∂νAµ + 2 G

√
m

Uν

c
Γ̟

µν A̟Curvature is coupleddirectlytomass, not toq.Curvatureofspacetimewithoutaforce(2 G
√

m
Uν

c
Γ̟

µνA̟� 0,FGEM
µ =0)iscausedbychangeinthepotentialwhicharecoupledtoboththemass chargeandelectric charge.General relativityprovidesawaytocalculatecurvaturebycomparingtwonearbygeodesicsusingatidal effect. Becausegeneral relativitylacksameanswithinthegeodesic tocalculate thecauseof curvature, general relativity is incomplete.

4.7.10 Killing'sDifferentialEquationIf FGEM
µ = 0, thenα∇µAν + β∇νAµ = 0. This is ageneralizationof Killing's differential equationwhereα= β= 1. ThesolutionsareknownasKillingvector fields.Thereare twoconservedquantities:
• Energy
• Angularmomentum

4.7.11 Summary:Stresses,Forces,andGeodesicsMath:
FGEM

µ =− ( G
√

m− q)
Uν

c
∇µAν − ( G

√
m+ q)

Uν

c
∇µAν =

∂ mU µ

∂ τPictures:

48 Unifying Gravity and EM by Analogy to EM: Outline



4.8RelativisticGravitationalForce1. Weakfieldapproximation.2. Exact solution.3. Exact solutionapplied.4. Schwarzschildmetric.5. SchwarzschildversusGEMmetric.

4.8.1 WeakFieldApproximation1. Start fromthegravitational force law:
FG

µ =− G
√

m
Uν

c
(∇µAν +∇νAµ)=

∂ m U µ

∂ τ2. Recall weak gravitational field strength tensor which assumes the field is electricallyneutral andweak:
∇µAν < c2 k

G
√

σ2









1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1







3. CheckunitsofAµ,ν tothederivativeof thenormalizedpotential:
G

√
m∇µAν

 
L3

√

t m
√ m

m
√

t L
√ =

mL

t2

cm
∂

A′µ

|Aµ|

∂ t
 

L

t
m

1

t
=

mL

t24. Substitute the normalized potential derivative into the force law, noting the units andthe sign flipon the contravariant derivative. Expand the velocities, Uν → (U0,− UG ) and
U µ→ (U0, UG ):

FG
µ =−mc2 (

U0

c
,− UG

c
)





k

σ2
0

0
k

σ2



=(
∂ mU0

∂ τ
,

∂ m UG
∂ τ

)5. Contract the rank-1velocitytensorwiththe rank-2derivativeof thepotential:
FG

µ =m(− c k

σ2
U0,

ck

σ2
UG )= (

∂ mU0

∂ τ
,

∂ m UG
∂ τ

)6. Substitute c2τ 2 for −σ2:
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FG
µ =m(

k

τ2

U0

c
,− k

τ2

UG
c
)= (

∂ mU0

∂ τ
,

∂ m UG
∂ τ

)Warning: The relationship between σ2 and τ 2 is simple. What gets tricky is the relationshipbetweenσ and τ , because there thesignsare "free" (± iσ→± cτ).
4.8.2 ExactSolutionThegravitational force for theweakfieldis a first orderdifferential equationthat canbesolvedexactly.1. Start fromthegravitational force for aweakfield:

FG
µ =m(

k

τ2

U0

c
,− k

τ2

UG
c
)= (

∂ mU0

∂ τ
,

∂ m UG
∂ τ

)2. Applythechainrule tothecause terms.AssumeU0
∂ m

∂ τ
=UG ∂ m

∂ τ
= 0.Collect termsononeside:

(m
∂ U0

∂ τ
−m

k

τ2

U0

c
,m

∂ UG
∂ τ

+m
k

τ2

UG
c
) = 03. Assumetheequivalenceprinciple. Dropm:

(
∂ U0

∂ τ
− k

τ2

U0

c
,

∂ UG
∂ τ

+
k

τ2

UG
c
) = 04. Solve forvelocity:

(U0, UG )= (c0 e
− k

cτ, CG 1−3 e
+

k

cτ )5. Contract thevelocitysolution:
U µUµ = c0

2 e
−2

k

cτ −CG 1−3 e
+2

k

cτ6. For flat spacetime (k→ 0, or τ→∞), there are four constraints onthe contractedvelocitysolution:
U µUµ = (c

∂t

∂τ
,

∂ RG
∂τ

)(c
∂t

∂τ
,− ∂ RG

∂τ
) =

c2 (∂t)2− (∂R)2

(∂t)2− (
∂R

c
)2

= c2True if andonlyif: c0
2 = c

∂t

∂τ
=U0 flat, CG 1−3 =

∂ RG
∂τ

=UG flat7. Substitute c ∂t

∂τ
for c0

2, ∂ RG
∂τ

for CG 1−3 intothecontractedvelocitysolution. Multiplythroughby (
∂τ

c
)2:

(∂τ )2 = e
−2

k

cτ (∂ t)2− e
+2

k

cτ (
∂RG
c

)2
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This is a unique algebraic road to ametric equations. The logic will have to be looked at bymathematicians.
• k= 0, or τ→∞ Flat spacetime.
• e

−2
k

cτ � 1 Curvedspacetime.
4.8.3 ExactSolutionAppliedApplytoaweak, sphericallysymmetric, gravitational system.

• k=
GM

c2
 

L3

mt2
m

t2

L2
=L Gravitational sourcespringconstant.

• σ2 =R2− (ct)2 =R ′2 Static fieldapproximatedbyR ′.

• |σ |= |cτ |=R σ and cτ have thesamemagnitude.
• (+ iσ)2 =( + c τ)2 Tomakearealmetric, chooseσ tobe imaginary.Plugintotheexact solution:
(∂τ )2 = e

−2
GM

c2 R (∂ t)2− e
+2

GM

c2 R (
∂RG
c

)2

4.8.4 SchwarzschildMetricTheSchwarzschildmetricisasolutionofgeneralrelativityforaneutral,non-rotating,sphericallysymmetric sourcemass (derivation not shown). Write out the Taylor series expansion of theSchwarzschildmetric inisotropic coordinates tothirdorder in GM

c2 R
.Schwarzschildmetric:
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(∂τ )2 =(1− 2
GM

c2 R
+2(

GM

c2 R
)2− 3

2
(

GM

c2 R
)3)(∂ t)2− (1− 2

GM

c2 R
+

3

2
(

GM

c2 R
)2 +

1

2
(

GM

c2 R
)3)(

∂RG
c

)2The fiveunderlinedtermshavebeenconfirmedexperimentally. Tests include:
• Light bendingaroundtheSun.
• Perihelionshift ofMercury.
• Timedelayinradar reflectionsoff of planets.

4.8.5 CompareMetrics:SchwarzschildtoGEMWrite out the Taylor series expansion of the Schwarzschild and GEMmetrics in isotropiccoordinates tothirdorder in GM

c2 R
.1. Schwarzschildmetric:

(∂τ )2 =(1− 2
GM

c2 R
+2(

GM

c2 R
)2− 3

2
(

GM

c2 R
)3)(∂ t)2− (1− 2

GM

c2 R
+

3

2
(

GM

c2 R
)2 +

1

2
(

GM

c2 R
)3)(∂RG )22.GEMmetric:

(∂τ )2 =(1− 2
GM

c2 R
+2(

GM

c2 R
)2− 4

3
(

GM

c2 R
)3)(∂ t)2− (1− 2

GM

c2 R
+ 2(

GM

c2 R
)2 +

4

3
(

GM

c2 R
)3)(

∂RG
c

)2Compare the twometrics:
• Identical for testedtermsofTaylor seriesexpansion.
• Different forhigher order terms, socanbe tested(not easy).
• GEMismoresymmetric.
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4.9ClassicalGravitationalForce1. Breakingspacetimesymmetry.2. Newton'sgravitational lawderivation.3. Needfornewclassical solutions:a) Problemstatement for rotationprofilesof spiral galaxies.b) Solutionrequirements for rotationprofiles.c) Problemstatement for thebigbang.d) Solutionrequirements for thebigbang.
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4. Constant velocitysolutions.

4.9.1 BreakingSpacetimeSymmetrySpacetime symmetrymust be broken to go fromthe relativistic weak gravitational force to aclassical force forbothcauseandeffect.Contrast therelativisticgeometryofMinkowski spacetimewiththegeometryofNewtonianabsolute spaceandtime.Minkowski Spacetime Geometry NewtonianSpaceandTimeTrue, Elegant Utility Accurate, Practical
(∂τ)2 = (dt)2− (dR)2

c2
Interval distance2 = dR2� f(t)

c= 1 SpeedofLight c=∞
(U0, UG ) = (c

∂t

∂τ
,

∂ RG
∂τ

) Velocity (U0,UG )≡ (
∂t

∂ |R| , c
∂ RG

∂ |R|)= (0, c R̂)

(
∂U0

∂τ
,

∂ UG
∂τ

) = (c
∂2 t

∂τ2
,

∂2 RG
∂τ2

) Acceleration (
∂U0

∂τ
,

∂ UG
∂τ

)= (0, c2
∂2 RG
∂ |R|2)
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4.9.2 Newton'sGravitationalLawDerivation1. Start fromtherelativisticgravitational force for aweakfield:
FG

µ =m(
k

τ2

U0

c
,− k

τ2

UG
c
)= (

∂ mU0

∂ τ
,

∂ m UG
∂ τ

)2. Applythechainrule tothecause terms.AssumeU0
∂ m

∂τ
=UG ∂ m

∂τ
=0:

FG
µ =m(

k

τ2

U0

c
,− k

τ2

UG
c
)= (m

∂ U0

∂ τ
, m

∂ UG
∂ τ

)3. Breakspacetimesymmetry:
• (U0, UG )� (U0,UG )= (0, c R̂)

• (
∂U0

∂τ
,

∂ UG
∂τ

)� (0, c2
∂2 RG
∂ |R|2)

FG
µ =m(0,− k

τ2
R̂) = (0, mc2

∂2 RG
∂ |R|2)4. Assumethegravitational springconstant (k=

GM

c2
):

FG
µ =(0,− GM m

c2 τ2
R̂)= (0, mc2

∂2 RG
∂ |R|2)5. Substitute: σ2 for − c2 τ 2 in thecause term.Substitute: − c2 (

∂

∂τ
)2 for (

∂

∂ |R|)
2 =(

∂

∂σ
)2 in theeffect term.

FG
µ =(0,

GM m

σ2
R̂) = (0,−m

∂2 RG
∂τ2

)6. Assumethestatic fieldapproximation: σ2 =R2− t2< R ′2.Assumethe lowspeedapproximation: ∂2

∂τ2
< ∂2

∂t2
:

FG
µ =(0,

GM m

R2
R̂) = (0,−m

∂2 RG
∂ t2

) QED

4.9.3 ProblemStatementfortheRotationProfileofGalaxiesThemomentumof stars inthinspiral galaxieshas twoproblems:
• The flat velocityprofileproblem.After attaining a maximal speed consistent with Newton's lawof gravity near thecore, the velocity profile stays flat with increasing distance. Newton's lawpredicts a"Keplerian"decline for thevelocityof theouter stars.
• Thestabilityproblem.
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Thinspiral galaxies aremathematicallyunstable tosmall disturbancesalongtheaxiswhichshouldleadtocollapse.
4.9.4 SolutionRequirementsforRotationProfilesRequirements for asolution:1. Stablemathematically toaxial perturbations.2. Samevelocityfor all outer stars.3. Describesthechangeinmassdistributioninspacetime,whichfallsoffexponentiallywithdistance (2× 3=△momentum).4. Fits everyobservational constraint.
4.9.5 ProblemStatementfortheBigBangBigbangcosmologyhas twobigproblems:

• Thehorizonproblem.All ∼1083 separate, independentspacetimevolumesof theearlyUniversemust travelatthesamevelocitytocreatetheuniformblackbodyradiationspectrumseeninthecosmicbackgroundradiation.
• The flatnessproblem.The initial conditions must be tuned to one part in ∼ 1055 so the mathematicallyunstable solutionlasts 1010 years.
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4.9.6 SolutionRequirementsfortheBigBangRequirements for asolution:1. Stablemathematicallyfor initial conditions.2. Samevelocityfor all independent regionsof spacetime.3. Describes thechange inmassdistributioninspacetime, fromhighdensityearlyto lowerlater (2× 3 =△momentum).4. Fits everyobservational constraint.
Disclosure: I donot knowtheactual shapeofmassdensitydecrease.4.9.7 StableConstantVelocitySolutions1. Start fromthegravitational force for aweakfield:

FG
µ =m(

k

τ2

U0

c
,− k

τ2

UG
c
)= (

∂ mU0

∂ τ
,

∂ m UG
∂ τ

)2. Applythechainrule tothecause terms.Assumem ∂ U0

∂τ
=m

∂ UG
∂τ

=0 (meaningassumevelocity is constant):
FG

µ =m(
k

τ2

U0

c
,− k

τ2

UG
c
)= (U0

∂ m

∂ τ
, UG ∂ m

∂ τ
)3. Breakspacetimesymmetry: (U0, UG )� (U0,UG )= (0, c R̂).

FG
µ =m(0,− k

τ2
R̂) = (0,

∂ m

∂ τ
cR̂)4. Assumethegravitational springconstant (k=

GM

c2
):

FG
µ =(0,− GM m

c2 τ2
R̂)= (0,

∂ m

∂ τ
cR̂)5. Collect termsononeside:

(c
∂ m

∂ τ
+

GM m

c2 τ2
)(0, R̂)= 06. Solve form:

m=mo e
GM

c3τ7. Substitute: R for cτ whichdepends onexactly the same assumptions used in themetricderivation(static field, |σ |= |τ |=R, andsigmais imaginary):
m=m0 e

GM

c2 R
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4.10Quantization1. Classical physicsversusquantummechanics.2. MomentumfromclassicEMLagrangedensity.3. QuantizingEMfieldsbyfixingthegauge.4. InterpretingquantizingEMbyfixingtheLorenzgauge.5. Skeptical analysisof fixingtheLorenzgauge.6. MomentumfromGEMLagrangedensity.7. InterpretingGEMquantization.

4.10.1 ClassicalPhysicsversusQuantumMechanicsClassical physics:
• Observablesarenumbers

Ax = 10 Ay = 8 πx = 24

• All observablesare independent:
Axπx −πxAx = 0Quantummechanics:

• Observablesareoperators that act onthewave functionψ togenerateanumber.
Ax|ψ〉= 10 Ay|ψ〉= 8 πx|ψ〉= 24

• Most observables are independent.
[Ax, Ay] is calledthe commutator.
AxAy |ψ〉−AyAx|ψ〉= [Ax, Ay]|ψ〉=0

• Conjugateobservables arenot independent.
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[Ax, πx]|ψ〉� 0Conjugateobservables, likethepotential andmomentum,musthaveanon-zerocommutator toquantizea field.

4.10.2MomentumfromClassicEMLagrangian1. StartwiththeEMLagrangedensitywrittenwithout indices.
L
EM

=− 1

γ
ρm − 1

c
JµA

µ − 1

4c2
(∂µAν − ∂νAµ)(∂µAν − ∂νAµ)

= − ρm( 1− (
∂x

c∂t
)2− (

∂y

c∂t
)2− (

∂z

c∂t
)2

√

− (ρq − ρm)(cφ− ∂x

∂t
Ax − ∂x

∂t
Ay − ∂z

∂t
Az)

− 1

2
(( − (

∂φ

∂x
)2− (

∂φ

∂y
)2− (

∂φ

∂z
)2

− (
∂Ax

c∂t
)2 + (

∂Ax

∂y
)2 +(

∂Ax

∂z
)2

− (
∂Ay

c∂t
)2 + (

∂Ay

∂x
)2 +(

∂Ay

∂z
)2

− (
∂Az

c∂t
)2 +(

∂Az

∂x
)2 + (

∂Az

∂y
)2

− 2
∂Ax

c∂t

∂φ

∂x
− 2

∂Ay

c∂t

∂φ

∂y
− 2

∂Az

c∂t

∂φ

∂z

− 2
∂Ay

∂z

∂Az

∂y
− 2

∂Az

∂x

∂Ax

∂z
− 2

∂Ax

∂y

∂Ay

∂x
)2. Calculatemomentum:

πµ =h G
√

∂L

∂(
∂Aµ

c∂t
)
=h G

√
(0,

∂Ax

c∂t
+

∂φ

∂x
,

∂Ay

c∂t
+

∂φ

∂y
,

∂Az

c∂t
+

∂φ

∂z
)Energy-momentumvector.3. Momentumcannot bemade intoanoperator:

[At, πt]|ψ〉= [At, 0]|ψ〉= 0Energycommuteswithits conjugateoperator.
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4.10.3 QuantizingEMFieldsbyFixingtheGaugeAnEMgauge isarelationshipbetween φ andAG thatdoesnot change theMaxwell equations. Examples:
• Coulombgauge.

trace(Aµ,ν)=∇G ·AG = 0

• Lorenzgauge.trace(Aµ,ν) =
∂φ

c∂t
+∇G ·AG =0ForEMwithnogravity, one is free toassignarbitraryvaluestothediagonal of theantisymmetric fieldstrengthtensor.

4.10.4 QuantizingEMbyFixingtheLorenzGaugeFix theLorenzgauge intheEMLagrangedensity.1. StartwiththeGupta-BleulerLagrangedensitywrittenwithout indices:
LG−B =− 1

γ
ρm − JµA

µ − 1

2c2
(∂µA

µ)2

− 1

4c2
(∂µAν − ∂ νAµ)(∂µAν − ∂Aµ)

= − ρm( 1− (
∂x

c∂t
)2− (

∂y

c∂t
)2− (

∂z

c∂t
)2

√

− (ρq − ρm)(cφ− ∂x

∂t
Ax − ∂x

∂t
Ay − ∂z

∂t
Az)

− 1

2
((

∂φ

c∂t
)2− (

∂φ

∂x
)2− (

∂φ

∂y
)2− (

∂φ

∂z
)2

− (
∂Ax

c∂t
)2 +(

∂Ax

∂x
)2 + (

∂Ax

∂y
)2 +(

∂Ax

∂z
)2

− (
∂Ay

c∂t
)2 + (

∂Ay

∂x
)2 +(

∂Ay

∂y
)2 +(

∂Ay

∂z
)2

− (
∂Az

c∂t
)2 +(

∂Az

∂x
)2 + (

∂Az

∂y
)2 +(

∂Az

∂z
)2

− 2
∂Ax

c∂t

∂φ

∂x
− 2

∂Ay

c∂t

∂φ

∂y
− 2

∂Az

c∂t

∂φ

∂z

− 2
∂Ay

∂z

∂Az

∂y
− 2

∂Az

∂x

∂Ax

∂z
− 2

∂Ax

∂y

∂Ay

∂x

+ 2
∂φ

c∂t

∂Ax

∂x
+ 2

∂φ

c∂t

∂Ay

∂y
+2

∂φ

c∂t

∂Az

∂z

+2
∂Ax

∂x

∂Ay

∂y
+2

∂Ax

∂x

∂Az

∂z
+2

∂Ay

∂y

∂Az

∂z
)2. Calculatemomentum:
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πµ =h G
√

(− ∂φ

c∂t
−∇G ·AG , ∂Ax

c∂t
+

∂φ

∂x
,

∂Ay

c∂t
+

∂φ

∂y
,

∂Az

c∂t
+

∂φ

∂z
)Energy-momentumvector.3. Momentumcanbemade intoanoperator:Using theEuler-Lagrange equation [not shown], the equations ofmotionare identical to thoseofLGEM!

Jµ =�2AµReferen ce : "Theory o f long itu d ina l pho ton s in quantum electrodynam ics", Su ra j N . G up ta , P ro c. Phys. So c. 63 :681-691 , 1950 .
4.10.5 InterpretingtheGupta/BleulerQuantizationMethodResultsof quantizationmethod:

• Fourmodesof transmission:1. Twotransversewaves.2. One longitudinalwave.3. Onescalarwave.
• Transversewavesarephotons forEM.
• Scalarmodeof transmissioncalleda"scalarphoton".
• "Supplementarycondition" imposedtoeliminatescalar andlongitudinal photonsas real particles,sotheyarealwaysvirtual.

4.10.6 SkepticalAnalysisofFixingtheLorenzGauge1. Ascalarphotonisanoxymoron.
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Photonsmust transformlikevectors,evenif photonshappentobevirtual.2. Eliminatinganoxymoroncannot justifythesupplementarycondition.3. Abetter interpretationfor the4D-waveequationofmotionmayexist.

4.10.7MomentumfromGEMLagrangeDensity1. StartwiththeGEMLagrangedensitywrittenwithout indices:
LGEM =− 1

γ
ρm − 1

c
(Jq

µ − Jm
µ)Aµ − 1

2c2
∇µA

ν∇µAν

= − ρm( 1− (
∂x

c∂t
)2− (

∂y

c∂t
)2− (

∂z

c∂t
)2

√

− (ρq − ρm)(cφ− ∂x

∂t
Ax − ∂x

∂t
Ay − ∂z

∂t
Az)

− 1

2
((

∂φ

c∂t
)2− (

∂φ

∂x
)2− (

∂φ

∂y
)2− (

∂φ

∂z
)2

− (
∂Ax

c∂t
)2 +(

∂Ax

∂x
)2 + (

∂Ax

∂y
)2 +(

∂Ax

∂z
)2

− (
∂Ay

c∂t
)2 + (

∂Ay

∂x
)2 +(

∂Ay

∂y
)2 +(

∂Ay

∂z
)2

− (
∂Az

c∂t
)2 +(

∂Az

∂x
)2 + (

∂Az

∂y
)2 +(

∂Az

∂z
)2)2. Calculatemomentum:

πµ =h G
√

∂L

∂(
∂Aµ

c∂t
)
=h G

√
(− ∂φ

c∂t
,

∂Ax

c∂t
,

∂Ay

c∂t
,

∂Az

c∂t
)3. Momentumcanbemade intoanoperator:
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4.10.8 GEMQuantization
• Fourmodesof transmission:1. Twotransversewaves.2. One longitudinalwave.3. Onescalarwave.
• Transversewavesarephotons forEM.
• Longitudinal and scalar modes are gravitons of gravity traveling at the speed of light,generatedbyasymmetric rank-2 fieldstrengthtensor.
• General relativity predicts transversewaves, not scalar or longitudinal ones. The LIGOexperiment to detect gravitational waves will be looking for transverse gravitationalwaves.GEMpredicts thepolarizationwill not be transverse.
• Gravitational modes are coupled to G

√ andnot h bar. This might get aroundnegativeenergyproblembecausegravityquantaarenot emitted.

4.10.9 Summary:QuantizationMath:
πµ =h G

√
∂L

∂(
∂Aµ

c∂t
)
=h G

√
(− ∂φ

c∂t
,

∂Ax

c∂t
,

∂Ay

c∂t
,

∂Az

c∂t
)Pictures:
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4.11TheStandardModel1. Grouptheory.2. Grouptheorybyexample.3. Thestandardmodel.4. Thestandardmodel Lagrangedensity.5. Definingthemultiplicationoperator.

4.11.1 GroupTheoryWaytoorganizesymmetrysystematically.Definition:Aset S withabinaryoperation(× or + )suchthat s1× s2∈S for all possiblepairsof elements inS. Agrouphas:
• Anidentity.
• Aninverse for everyelement.
• Associative lawholds.Examples:
• Real numbersand+.
• Real numberswithout 0and × .

4.11.2 GroupTheorybyExample
• U(1), z× z∗= 1, or unitarycomplexnumbers.

• I =(1, 0) Identity isone.
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• z−1 = z∗ Inverse is theconjugate.
• z1× z2 = z2× z1 Abelian.
• U(α) = e

(

0 −α

α 0

) Onenumber for theLiealgebra.
• SU(2), q× q∗ =1, orunit quaternions(4Danalogtocomplexnumbers).

• I =(1, 0, 0, 0) Identity isone.
• q−1 = q∗ Inverse is theconjugate.
• q1× q2� q2× q1 Non-Abelian.
• U(α, β, γ)= e









0 −α −β −γ

α 0 −γ β

β γ 0 −α

γ −β α 0







 Threenumbersneeded.

4.11.3 TheStandardModelPredictspatternsof all subatomicparticlesandthreeof four forces inNature:
• U(1) Light, EM.
• SU(2) Weakforce, radioactivity.
• SU(3) Strongforce, thenucleus.Saysnothingaboutgravity.

4.11.4 TheStandardModelLagrangeDensityDescribesall interactionsof all subatomic forces inavolume.
LSM = ψ̄ γµDµψ

Dµ = ∂µ − igEMYAµ − igweak
τa

2
Wµ

a − igstrong
λb

2
Gµ

b

• γµ Spinormatrix (nodetailsprovidedhere).
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• g� Couplingconstant toforce.
• Y Generator ofU(1) symmetry.
• τa(1−3) Generatorof SU(2) symmetry.
• λb(1−8) Generatorof SU(3) symmetry.
• Aµ,Wµ

a, Gµ
b Complex-valued4-potentials, twowithinternal symmetries.

4.11.5 DefiningtheMultiplicationOperatorGivenapairof complex-valued4-vectors,needtogenerateareal scalar.Four components:1. (a, bi)∗ =(a,− bi) Complexconjugation.2. (φ,AG )p = (φ,−AG ) Parityoperator.3. gµν Metric tensor.4. Aµ

|A| Potentialsnormalizedtothemselves.Definemultiplicationof 4-potentials inthestandardmodel as:
Aµ

|A|
Aν∗p

|A| gµν =
gtt|At|2− gxx|Ax|2− gyy|Ay |2− gzz|Az |2− gµν |AµAν |µ� ν

|A|2
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4.11.6MultiplicationOperatorinSpacetime
• Aµ

|A|
Aν∗p

|A| gµν = 1.0 Inflat spacetime.
• Aµ

|A|
Aν∗p

|A| gµν = 1.0+ δ Incurvedspacetime.Incurvedspacetime,massbreaksU(1), SU(2), andSU(3)symmetryinapreciseway(circlesget larger).
Y , τ a, λb andtheHiggsparticlearenot needed.Nonewsymmetrywasaddedtothestandardmodel.Nonewparticlecanbeadded. Instead,it may turnout that everyparticle can "act like a graviton"when it is involvedwithadistancemeasurement of the field.

4.11.7 Summary:TheStandardModelMath:
Aµ

|A|
Aν∗p

|A| gµν =
gtt|At|2− gxx|Ax|2− gyy|Ay |2− gzz|Az |2− gµν |AµAν |µ� ν

|A|2Pictures:
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4.12MustDoPhysicsDone1. Fg =−Gmψ R̂ Likechargesattract.2. +m Onecharge.3. ρ=∇2φ Newton'sgravitational fieldequation.4. md2RG
dt2

=− GMm

R2
R̂ Newton's lawofgravityunder classical conditions.5. dτ 2 =(1− 2

GM

c2R
+ 2(

GM

c2R
)2)dt2− (1+ 2

GM

c2R
)

dR2

c2ConsistentwiththeSchwarzschildmetric.6. FEM = qEG Likecharges repel.7. ± q Twodistinct charges.8. ρ=∇G ·EG JG =− ∂EG
c ∂t

+∇G ×BG Maxwell sourceequations.9. 0=∇G ·BG 0G =
∂BG
c∂t

+∇G ×EG Maxwell homogeneousequations.10. F µ = q
Uµ

c
(Aµ,ν −Aν ,µ) Lorentz force.11. Unifiedfieldemissionmodes canbequantized.12. Workswiththestandardmodel.13. Indicatesoriginofmass.14. LIGO(gravitywavepolarization).15. Rotationprofilesof spiral galaxies.16. BigBangconstant velocitydistribution.Caveats:5. Checkmetricderivation. Proposal canbeconfirm/rejectedbyexperiment.15.Actual, detailedcalculationsmust becomparedwithdata.16. See15.
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Appendices:TensorsandUnits
4.13TensorsScalars, vectors, andmatrices are tensors.Somenewwordsareneededtogeneralize theirproperties.1. Simple tensors2. Covariant versus contravariant.3. Goingfromcovariant tocontravariant.4. Einstein's summationconvention.5. Symmetricversusantisymmetric tensors.6. Derivatives inflat spacetime.7. Covariant derivatives incurvedspacetime.

4.13.1 SimpleTensorsUseful nomatter thecoordinate systemordimension.Thesimple tensors:
• Rank-0 tensor, ascalar.
• Rank-1 tensor, avector.
• Rank-2 tensor, amatrix.For these lectures, only4-vectorsand4x4matricesareused.
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4.13.2 CovariantversusContravariantSubscript versus superscript.
• Aµ = (A0,−A1,−A2,−A3)= (φ,−AG ) Covariant potential vector.
• Aµ = (A0, A1, A2, A3) = (φ,AG ) Contravariant potential vector.
• µ, ν,̟ Greekindicesgofrom0, 1, 2, 3.
• u, v Romanindicesgofrom1, 2, 3.M em ory aid : co is a comm ie, comm ies are low , negativ e ; con tras a re p roud , positive , up again st a w all.

4.13.3 GoingfromCovarianttoContravariantUse the rank-2metric tensor, gµν = gµν =









1 0 0 0
0 − 1 0 0
0 0 − 1 0
0 0 0 − 1









[flat spacetime].
• gµνA

ν =Aµ Loweranindex.
• gµ̟gνσA̟σ =Aµν Raise twoindices.M em ory aid : If the m etric g has tw o ind ices raised up to the sky , it w ill b e rais ing an index .

4.13.4 Einstein'sSummationConventionContract sameco- contra- index,No∑ needed.
• AµAµ = φ2−AG ·AG Rank-0 tensor result.
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• AµAνgµν =AµAµ Metric contracts twocontravariant vectors.
• AµAµ =AνAν Dummyvariable names.

4.13.5 SymmetricversusAntisymmetricTensorsSwapindices, see if signdoes/doesnot flipfor all.
• Aµν =Aνµ Symmetric, all keepsign.
• Aµν =−Aνµ Antisymmetric, all flipsigns.
• Aµν � Aνµ Asymmetric, nopattern.Anyasymmetric tensorcanberepresentedbyasymmetric tensor (averagedvaluesof2indices)andanantisymmetric tensor (+and-deviations fromaverage).
Aµν =

1

2
(Aµν +Aνµ)+

1

2
(Aµν −Aνµ)

4.13.6 DerivativesinFlat,EuclideanSpacetime4-derivatives: timeand3-spacederivatives inarank-1 tensor.Signsof covariant andcontravariant derivatives flip(arg!).
• ∂µ = (

∂

∂t
,∇G ) Covariantderivative.

• ∂µ =(
∂

∂t
,−∇G ) Contravariantderivative.

• ∂µAν =Aν ,µ Thecommaconvention.
• ∂µ∂

µ =�2 = (
∂2

∂t2
−∇2) TheD'Alembertianoperator.Alternaterepresentation:Theasymmetricrank-2tensor that resultsfromtakingthe4-derivativeof a 4-vector can be represented by the symmetric average amount of change tensor plus theantisymmetricdeviationof change tensor.
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4.13.7 CovariantDerivativesinCurvedSpacetimeCovariant derivative=normal derivative ± derivativeof themetric.TheconnectionorChristoffel symbol (Γ̟
µν )handles the derivatives of themetric.";" thesemicolonconventionfor covariant derivatives.

• ∇µAν = ∂µAν −Γ̟
µν A̟ Derivative=normal - change inmetric.

• ∇µAν = ∂µAν +Γµ
ν̟ A

̟ Covariantderivativeof acontravariant vector.
• ∇µAν −∇νAµ = ∂µAν − ∂νAµ Independent of themetricbecause Γ̟

µν = Γ̟
νµ.

• ∇µAν +∇νAµ = ∂µAν + ∂νAµ − 2Γ̟
µν A̟.Om ission : The deta ils o f Ch ris to ffe l sym bo l are no t d iscu ssed here .

4.13.8 Summary:TensorsMath:
Aµν =

1

2
(Aµν +Aνµ)+

1

2
(Aµν −Aνµ)Pictures:
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4.14Units1. Basicunits.2. Units for conversionfactors.3. Units for spacetime.4. Units forpotentials, fields,&charges.5. Units inaction:a) Lagrangedensities.b) Euler-Lagrangeequations (fields).c) Momentum.d) Force.

4.14.1 BasicUnits
• t Time.
• L Length.
• m Mass.ForEM,Gaussianunitswill beused. Unitsof electric chargeare foundfromCoulomb's law:
F =

qq ′

R2
 

mL

t2
so q 

mL3
√

t
where " "means "hasunitsof".

Units forConversionFactorsForgravity, spacetime,&quantummechanics.
• G 

L3

mt2
Gravitational constant.

• c 
L

t
Speedof light.
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• h 
mL2

t
Planck's constant.

4.14.2 UnitsforSpacetimeWhereall eventsof gravity, EM, andquantummechanics takeplace.
• V  L3 Volume.
• τ 2 = t2− RG ·RG

c2
 t2 Interval squared.

• σ2 =RG ·RG − c2t2 =− c2 τ 2
 L2 4D-distancesquared.

• γ=
1

1− vG · vG
c2

√ =
∂t

∂τ
 − Stretchfactor.

• βG =
vG
c
 − Relativistic 3-velocity

• U µ =(c
∂t

∂τ
,

∂RG
∂τ

) = (cγ , cγ βG )= (
E

mc
,

πG
mc

) 
L

t
Velocityvector.

4.14.3 UnitsforPotentials,Fields,&ChargesThewaytodescribewherestuff is everywhere, everywhen.
• Aµ = (φ,AG ) 

m
√

L
√ Potential vector.

• Aµ;ν
 gG  EG  BG  m

√

t L
√ Derivativesofpotential vectors (fields!).

• q 
mL3

√

t
 G

√
m [

L3
√

t m
√ m] hc

√
[
L m
√

t
√

L
√

t
√ ] Charge.

• Jµ =
q

V

U µ

γc
=(

q

V
,

q

V
βG ) 

m
√

t L3
√  

G
√

m

V
[

L3
√

t m
√ m

1

L3
] 

hc
√

V
[
L m
√

t
√

L
√

t
√

1

L3
]Currentdensityvector.
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4.14.4 UnitsinAction:LagrangeDensityLagrangeDensity,whereallmass, energy, andinteractionsare inavolume.
• L 

m

L3
Massdensity.

• L 
m

γV
[

m

L3
] 

1

c2
q

V

U µ

γ
Aµ [

t2

L2

mL3
√

t

1

L3

L

t

m
√

L
√ ] 

G
√

c2
m

V

U µ

γ
Aµ [

L3
√

t m
√

t2

L2
m

1

L3

L

t

m
√

L
√ ] 

1

c2
Aµ;νAµ;ν [

t2

L2

m
√

t L
√

m
√

t L
√ ]Equivalentunits.

4.14.5 UnitsinAction:Euler-LagrangeEquationsEuler-Lagrangeequations, generates fieldequationsgivenaLagrangedensity.
• c

∂L

∂φ
= c ∂µ

∂L

∂(∂µφ)
Fromprincipleof least action.

• c
∂L

∂φ
[
L

t

m

L3

L
√

m
√ ] 

q

V
[

mL3
√

t

1

L3
] ∇Aµ;ν

[
1

L

m
√

t L
√ ]

 ∇gG [
1

L

m
√

t L
√ ] ∇EG [

1

L

m
√

t L
√ ] ∇BG [

1

L

m
√

t L
√ ] J µ

[
m

√

t L3
√ ] Equivalent units.

4.14.6 UnitsinAction:MomentumEnergyand3-momentumfromaderivativeof aLagrangedensity.
• πµ =h G

√
∂L

∂
∂Aµ

c∂t

 
mL2

t2
Derivativeof theLagrangedensity.

• πµ
[
mL2

t2
] h G

√
∂L

∂
∂Aµ

c∂t

[
mL2

t

L3
√

t m
√

L

t

t L
√

m
√

m

L3
] Equivalentunits.N ote : un its suggest re lativ istic (c), quan tum (h ) grav ity (G ).
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4.14.7 UnitsinAction:RelativisticForce
• F µ = cause=

∂mUµ

∂τ
Force isacausewhichhasaneffect onmomentum.

• F µ
[
mL

t2
] 

1

c
qUν∇µAν

[
t

L

mL3
√

t

L

t

m
√

t L
√ ] 

h
√

c
√ nUν∇µAν

[
L m
√

t
√

t
√

L
√

L

t

m
√

t L
√ ]

 
G

√

c
mUν∇µAν

[
L3

√

t m
√

t

L
m

L

t

m
√

t L
√ ]Equivalentunits.

4.14.8 Summary:UnitsMath:
q 

mL3
√

t
 G

√
m [

L3
√

t m
√ m] hc

√
[
L m
√

t
√

L
√

t
√ ]Pictures:
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